Linear Algebra

SYSTEMS OF LINEAR EQUATIONS AND MATRICES

1 Systems of Linear Equations

Linear Equation. A linear equation in the variables xz1,x2,.
equation of the form

..,Zn is an

a1r1 + azxe + -+ apxn = b,

where a1, a2,...,an,b € R are constants.

System of Linear Equations. A system of m linear equations in n un-
knowns is a collection

a11T1 +a1222 + -+ + a1pTn = b1

a21T1 + ag2x2 + - - + a2nTn = b2

Am1T1 + Gm2T2 + - + GmnTn = by

This can be written in matrix form as Az = b, where A = [a;;] is the m x n
coefficient matrix, = [z1,...,2n]T, and b= [b1,...,bm]7T.

Augmented Matrix. The augmented matrix of the system Az = b is

a1 a2 - ain | b1

a1 ag2 - azn | b2
[A]b] =

aml  Gm2 amn | bm

Elementary Row Operations (EROs).

(i) Row Swap: R; ++ R; — interchange rows ¢ and j.
(ii) Row Scaling: R; — c¢R; — multiply row ¢ by a nonzero scalar c.

(iii) Row Replacement: R; — R; + cR; — add c times row j to row .
Row Echelon Form (REF). A matrix is in REF if:

1. All zero rows are at the bottom.

2. The leading entry (pivot) of each nonzero row is to the right of the
pivot in the row above.

3. All entries below a pivot are zero.
Reduced Row Echelon Form (RREF). A matrix is in RREF if it is in
REF and additionally:

1. Each pivot is 1.

2. Each pivot is the only nonzero entry in its column.
Theorem 1. Every matrix has a unique RREF.

Gaussian Elimination. To solve Ax = b:

1. Form the augmented matrix [A | b].
2. Use EROs to reduce to REF (or RREF).
3. Back-substitute (if REF) or read off the solution (if RREF).

Pivot and Free Variables. Variables corresponding to pivot columns are
called pivot variables (or basic variables). All other variables are free vari-
ables. Free variables can take any value and parametrize the solution set.

Consistency. A system Az = b is consistent if it has at least one solution,
and inconsistent if it has no solution. A system is inconsistent if and only if
the RREF of [A | b] has a row of the form [00 --- 0| ¢] with ¢ # 0.
Theorem 2. A system of linear equations has either:

1. No solution (inconsistent),

2. Exactly one solution (consistent, no free variables), or

3. Infinitely many solutions (consistent, at least one free variable).
Homogeneous Systems. A system Az = 0 is called homogeneous. It
is always consistent since x = 0 is always a solution (the trivial solution).

A homogeneous system has a nontrivial solution if and only if it has a free
variable.

Theorem 3. If A is an m X n matrix with m < n (more unknowns than
equations), then Az = 0 has infinitely many solutions.

Example. Solve the system:

1+ 222+ 23=3
2x1 + 4x2 +3x3 =8
3x1 + 622 + bxz = 14

Solution. Form the augmented matrix and row reduce:

1 2 1] 3 Ro_9R 2 1 Re 3R 1 2 113
2 4 3|8 | 275100 1|2 |=2"%10 0 1|2
3 6 5|14 3 6 5|14 0 0 2|5
R R, 2 113
S22yl 0 0 12
0 0 O0]1
The last row gives 0 = 1, so the system is inconsistent (no solution).
1 2 -1
Example. Solve Ax = 0 where A = {2 4 72:| .
. 1 2 —-110 Ry—2R; 1 2 —-1]0
Solutzon.[2 4 _2‘0}4)[0 0 0 0:|.
Free variables: xo = s, x3 = t. Solution: 1 = —2s + t, so
—2s 4+t —2 1
T = s =s|1|+t]|0|, s,teR.
t 0 1
Example. Solve the system:
x1 —2x2 +x3=0
2x9 — 8xz3 = 8
5x1 — bxg =10
Solution. Row reduce the augmented matrix:
1 -2 1 0 R 5R 1 -2 1 0 R R, 1 -2
0 2 -8|s8 |22 1o0o 2 -8 |8 | 22210 2
5 0 =510 0 10 -—101] 10 0 0
Back-substitute: z3 = —1, z2 = 848(-1) 0, z1 = 2(0) — (—1) = 1. The

2
system has a unique solution: (z1,z2,z3) = (1,0,—1).

Example. Solve the system:

1 +3x2+x3+24 =3
2x1 + 6x2 + 4x3 + 224 = 6

Solution [1311‘3} Ro—2R; [1311‘3} 3 R2
: 2 6 4 2|6 } 00 2 0|0 }
1 3 1 13
{0010‘0]

Rl—R2|:1301‘3:|
0 0 1 00

Free variables: xo = s, x4 = t. Solution: 3 =0, z1 =3 — 3s — t, so
3—3s—t 3
s 0
0 , s, teR.

0

= o o

The system is consistent with infinitely many solutions. Note the general
solution has the form x = x, + x}, where x, is a particular solution and
xp, € null(A).



2 Matrix Algebra
Matrix. An m X n matrix A is a rectangular array of numbers with m rows
and n columns:

ail ai2 aln
a1 a22 a2n
A=
aAm1 am?2 Amn

We write A = [aij]mxn-

Matrix Operations. Let A, B be m X n matrices and ¢ € R.

1. Addition: (A + B);; = a;; + bsj.

2. Scalar Multiplication: (cA);; = c- a;;.

3. Matrix Multiplication: If A is m x n and B is n X p, then AB is
m X p with (AB)s; = > 11 airb;-

Properties of Matrix Arithmetic. Let A, B, C be matrices of compatible
sizes and r,s € R.

A+ B = B+ A (commutativity of addition).

(A4 B)+ C = A+ (B+ C) (associativity of addition).

A(BC) = (AB)C (associativity of multiplication).

A(B+ C) = AB + AC (left distributivity).

(A+ B)C = AC + BC (right distributivity).

r(sA) = (rs)A, r(A+B)=rA+rB, (r+s)A=rA+ sA.

I A

Warning. In general, AB # BA. Matrix multiplication is not commuta-
tive.

Transpose. The transpose of A = [a;;]mxn is AT [@ji]nxm-
Properties: (AT)T = A, (A+ B)T = AT + BT, (cA)T = cAT,
(AB)T = BT AT,

Symmetric Matrix. A is symmetric if AT = A. That is, a;; = aj; foralli, j.

Identity Matrix. The n X n identity matrix I, has 1s on the diagonal and
Os elsewhere: (I);; = 0;;. For any m x n matrix A: I;;A = A and AL, = A.

Invertible Matrices. An n X n matrix A is invertible (nonsingular) if there
exists an n X n matrix B such that AB = BA = I,,. We write B= A1,
Theorem 4. If A is invertible, then A~1 is unique.

Proof. Suppose B and C are both inverses of A, so AB = BA = [ and
AC =CA=1. Then B=BI =B(AC)=(BA)C=1IC=C. O

Properties of Inverses. If A and B are invertible n X n matrices:
1. (A H =4
2. (AB)"1=B~1A-L
3. (AT)y=1 =(A—1HT,
4. (cA)~1 = %A‘l for ¢ # 0.

Computing A~!. Row reduce [A | I,]. If A is invertible, the result is
[In | A71].

Example. Find A~1 for A = B 3}

Solution.

1 2|1 0 Ro—3R, 1 2 1 0 Ry —2Rs 1 0 7 —2
3 710 1 0o 1]-3 1 0 1] -3 1

7T =2

-1 _

So A= = [_3 1 i|

2 x 2 Inverse Formula. If A = |:i Z:| and ad — be # 0, then
1 d —b

ad—bc |—c a ]’

Elementary Matrices. An elementary matrix F is obtained by performing
one ERO on I,.

ATl =

—

1. Every ERO on A can be achieved by left-multiplying A by the corre-
sponding F.

2. Every elementary matrix is invertible, and its inverse is also an elemen-
tary matrix.

Theorem 5. An n Xn matrix A is invertible if and only if A is row equivalent
to Ip,. Equivalently, A is a product of elementary matrices.

3 LU and PLU Factorization

Permutation Matrix. A permutation matrix P is obtained by rearranging
the rows of I,. Properties: PT = P~1 det(P) = %1, and the product of
permutation matrices is a permutation matrix.

LU Factorization. An m X n matrix A has an LU factorization if A = LU,
where L is a unit lower triangular matrix (1s on the diagonal) and U is in
REF.

Theorem 6. An m X n matrix A has an LU factorization if and only if A
can be reduced to REF using only row replacement operations R; — R; +cR;
with ¢ > j (no row swaps or scaling).

Proof sketch. Each row replacement R; — R; + c¢Rj; (¢ > j) corresponds
to left-multiplication by an elementary matrix E that is unit lower trian-
gular. TIts inverse E~! is also unit lower triangular (replace ¢ by —c). If
Ey---ExF1A=U, then A = EflEgl-uE,;lU = LU, and the product of
unit lower triangular matrices is unit lower triangular. O

Computing LU. Perform Gaussian elimination (row replacements only) to
obtain U. Record the multipliers: if we subtract m;; times row j from row 4,
then Lij = m;j.

Example. Find the LU factorization of A =

00 B o
-~ w =
© w

Solution. Ra2 — 2R1, then R3 — 4Ry, then R3 — 3R2:

2 1 1 1 0 0
uU=1]o 1 1|, L=|2 1 0
0 0 2 4 3 1

Verify: LU = A. v
Solving Az = b via LU. Given A = LU:

1. Solve Ly = b by forward substitution.

2. Solve Uz = y by back substitution.

This is efficient when solving Az = b for multiple right-hand sides b, since L
and U are computed once.

PLU Factorization. If row swaps are needed, we use the PLU factorization
PA = LU (equivalently A = PTLU), where P is a permutation matrix.
Theorem 7. Every m x n matrix A has a PLU factorization PA = LU.

Proof. Gaussian elimination with partial pivoting (swapping rows to place
the largest entry in the pivot position) always produces REF. Record all row
swaps in P and all multipliers in L. The permutation matrix P encodes the
row interchanges needed before elimination proceeds without further swaps,
yielding PA = LU. O

0 2

Example. Find the PLU factorization of A = {3 nE

0 1}. ThenPA:|:

Solution. Swap R1 <> R first: P = L 0

3 4.
0 2:| is already

in REF,so L =1 and U = |:g ;l]



4 Determinants
Determinant. The determinant of a square matrix A, written det(A) or
|Al], is a scalar value that encodes important information about A.

2 X 2 Determinant.

a b
det [c d] = ad — be.

3 X 3 Determinant (Sarrus’ Rule).
a b ¢

det |d e f

g h 1

=aei+bfg+ cdh — ceg — bdi — afh.

Cofactor Expansion. Let A be an n x n matrix. The (4, j)-minor M;; is
the determinant of the (n — 1) x (n — 1) matrix obtained by deleting row i
and column j. The (4, j)-cofactor is C;; = (—1)*TIM;;. Then:

n
det(A) = Z a;;C; (expansion along row i),
j=1

n
det(A) = Zaij Ci; (expansion along column j).
i=1

2 1 3
Example. Compute det(A) for A= [0 -1 2 |.
1 4 -1

Solution. Expanding along row 1:

-1 2 0 2 0 -1
det(A) = 2det |: 4 _1] — 1det L _1] + 3det L 4 ]

(1-8)—1(0—2)+3(0+1)

2
2(=7) — 1(=2) +3(1) = =14+ 243 = —9.

Properties of Determinants.

1. det(AT) = det(A).
2. If A has a row (or column) of zeros, then det(A) = 0.
3. If A has two identical rows (or columns), then det(A) = 0.
4. If A is triangular (upper or lower), then det(A) = [T ; a;.
5. det(AB) = det(A) det(B).
6. det(A™1) = ﬁ(z‘\) (when A is invertible).
7. det(cA) = c™ det(A) for an n X n matrix A.
2 -1 3
Example. Compute det(A) using EROs for A= | 4 1 0
—2 -3
2 -1 3 2 -1 3
Solution. R — 2Ry, Rs + R1: |0 3 —6|. R — %RQ: 0 3 —6].
0 2 0 0 0 4

Triangular matrix = det =2 -3 -4 = 24. No row swaps, so det(A) = 24.

Effect of EROs on Determinants.

1. R; <> Rj: det changes sign.
2. R; — cR;: det is multiplied by c.
3. R; = R; + cRj: det is unchanged.
Theorem 8. A is invertible if and only if det(A) # 0.
Proof. (=) If A is invertible, then 1 = det() = det(AA™!) =

det(A)det(A™1), so det(A) # 0. (<) If det(A) # 0, then A~1!
ﬁm) adj(A) exists (verified by direct computation: A - adj(A) = det(A)I).
|

Remark. The proof of det(AB) = det(A) det(B) is more involved. One ap-
proach: each ERO corresponds to left-multiplication by an elementary matrix
E with known determinant. Write A as a product of elementary matrices
(if invertible), and use the multiplicativity of determinants for elementary
matrices. If A is singular, then AB is also singular, so both sides are 0.

Adjugate (Classical Adjoint). The adjugate of A is adj(A) = [Ci;]7,
where C;; are the cofactors. Then:

L1

= m adj(A).

Cramer’s Rule. If A is an invertible n X n matrix, the unique solution to
Ax =bis
_ det(A4;)

T det(A)

where A; is the matrix A with column ¢ replaced by b.

i=1,2,...,n,

20 +y=>5

Example. Use Cramer’s Rule to solve { 1
T—y=

Solution. A = E _11i|, det(A) = —3.
5 1 2
det {1 1} —6 det [1 1} -3
xr = = =2, y= = =1
-3 -3 -3 -3

Geometric Interpretation. For a 2 X 2 matrix A, |det(A)| equals the
area of the parallelogram formed by the column vectors. For a 3 X 3 matrix
A, |det(A)| equals the volume of the parallelepiped formed by the column
vectors.

VECTOR SPACES

5 Vector Spaces
Vector Space. Let V be a nonempty set of objects called vectors, and let

two operations be defined: vector addition and scalar multiplication, where
addition of two vectors in V' gives a vector in V', and multiplication of a scalar
with a vector in V' gives a vector in V. Then, V is a vector space if and only
if the following axioms hold for all u,v,w € V and for all scalars ¢, d:

. u+v €V (closure under addition).

. u+v=v+u (commutativity).

. u+ (v+w) = (u+v) +w (associativity of addition).

. 30€V st u+0=0+u=u (additive identity).

1
2
3
4
5. VueV,3(—u) € Vst u+ (—u) = (—u) + u = 0 (additive inverse).
6. cu € V (closure under scalar multiplication).

7. c(u+v) = cu+ cv (distributive over vector addition).

8. (c+ d)u = cu + du (distributive over scalar addition).

9. ¢(du) = (ed)u (associativity of scalar multiplication).

10. lu = u (scalar multiplicative identity).
Example. Important vector spaces:

e R™: the set of all n-tuples of real numbers.
e Mpyxn(R): the set of all m X n matrices with real entries.
e P, (R): the set of all polynomials of degree < n with real coefficients.

e (C"™[a,b]: the set of all functions with continuous derivatives up to order
n on [a,b].

Theorem 9. Let V be a vector space. Then,
Ov=0, for allv € V.

c0 = 0, for all scalars c.

(-1)v=—v, forallv e V.

The zero vector 0 is unique.

For each v € V, the additive inverse —v is unique.

R S e

If cvo =0, then c=0 or v =0.

Proof of (1). We have Ov = (0+ 0)v = 0v + Ov by Axiom 8. Adding —(0v) to
both sides: 0 = Ov.

O

Proof of (8). We must show (—1)v is the additive inverse of v, i.e., v+(—1)v =
0. By Axiom 10 and 8: v+ (—1)v = 1v + (—1)v = (1 + (—1))v = 0v = 0 by
(1). Since additive inverses are unique, (—1)v = —v. O

Proof of (4). Suppose 01 and 02 are both zero vectors. Then 01 = 01 +02 =
02, where the first equality uses Oz as the identity and the second uses 07 as

the identity. O
Proof of (6). Suppose cv = 0 and ¢ # 0. Then ¢! exists, so v = lv =
(c7le)v=c"1(cv) =c710 =0 by (2). O



6 Subspaces
Subspace. Let V be a vector space. A subset W C V is a subspace of V if
W is itself a vector space under the same operations of V.

Subspace Test. Let W C V. Then W is a subspace of V if and only if:

1. 0 € W (contains the zero vector).
2. For all u,v € W, u+v € W (closed under addition).
3. For allu € W and ¢ € R, cu € W (closed under scalar multiplication).

Equivalently (combining 2 and 3): W # @, 0 € W, and for all u,v € W and
c,deR, cu+dveW.

E;cample. Show that W = {(z,y, 2) € R3 | z + 2y — 2z = 0} is a subspace of
R-.
Solution. (1) (0,0,0): 0+2(0) —0=0. v (2) Let u = (z1,y1,21), v =
(z2,y2,22) € W. Then uw + v = (x1 + x2,y1 + y2,21 + 2z2) and
(z1 4+ 22) +2(y1 +y2) — (21 + 22) = (x1 +2y1 — 21) + (22 + 2y2 — 22) =
0+0=0,sout+v € W. v (3)Forc € R: cu = (cz1,cy1,cz1) and
cx1 + 2(ey1) — (ez1) = c(x1 +2y1 —21) =0, s0cu e W. v

Alternatively, W = null [1 2 71}, which is automatically a subspace.

Null Space. Let A be an m X n matrix. The null space of A is
null(A) = {z € R" | Az = 0}.
Theorem 10. If A is an m X n matrix, then null(A) is a subspace of R™.

Proof. We verify the three conditions of the subspace test.

1. A0 =0, so 0 € null(A).
2. Let u,v € null(A). Then A(u +v) = Au+ Av = 04+ 0 = 0, so
u+ v € null(A).

3. Let u € null(A) and ¢ € R. Then A(cu) = ¢(Au) = ¢0 = 0, so
cu € null(A).

Therefore null(A) is a subspace of R™. O
Theorem 11. If W; and Wy are subspaces of V', then W1 N Wy is also a
subspace of V.

Proof. Since 0 € W71 and 0 € Wa, we have 0 € W1 N Wy, If u,v € W1 N Wy
and ¢ € R, then u,v € Wj implies cu + v € W1 (since W1 is a subspace), and

similarly cu +v € Wa. So cu+v € W1 N Wa. O
Note. Wj U Ws is generally not a subspace of V. For example, in R2,
let W1 = span{ei} (the z-axis) and W2 = span{e2} (the y-axis). Then
e1 € Wi UWs and e2 € W1 UWsa, but e; +e3 = (1,1) ¢W1UW2.

7 Spanning Sets

Linear Combination. Let V be a vector space and vi,vs,...,v, € V.

A vector v € V is a linear combination of v1,...,v, if there exist scalars

c1,c2,...,cn such that

V=11 + 22 + -+ + CpUn.

Span. The span of {vi,v2,...,vn} is the set of all linear combinations:

span{vi,va,...,vn} = {c1v1 + cov2 + -+ cpvn | €1,...,cn € R}

Spanning Set. If V = span{vi,...,vn}, we say that {vi,...,v,} is a span-
ning set for V, or that {v1,...,vn} spans V.

Theorem 12. Let V be a vector space and S = {v1,..
span(S) is a subspace of V.

.,on} C V. Then

Proof. (1) 0 = 0vy +-- -4 0vy, € span(S). (2) Let u =) a;v; and w = > b;v;
be in span(S). Then u + w = Y (a; + b;)v; € span(S). (3) For ¢ € R:
cu = > (cai)v; € span(S). O
Example. span{(1,0),(0,1)} = R2.

span{l,z,z2,...,2"} = P,(R).

LN AT

8 Linear Dependence and Independence
Linearly Dependent (LD). A set {v1,v2,...,vn} is LD if there exist scalars
c1,¢2,...,Cn, not all zero, such that

c1v1 + c2v2 + - -+ + cpvn = 0.

Linearly Independent (LI). A set {v1,v2,...,vp} is LI if

civi vzt epvn =0 = cp=c2=---=¢y, =0.

That is, the only linear combination giving 0 is the trivial one.

Checking LI/LD in R". Form the matrix A = [v; v2 --- vn] and row
reduce. The set is LI if and only if every column is a pivot column. Equiva-
lently, the set is LI if and only if Az = 0 has only the trivial solution.

1 4 2
Example. Determine whether S = 21,15],]|1 is LT or LD.
3 6 0
14 R>—2R1, R3—3R 1 4 2 R3—2R
Solution. 2 5 1| —2—=mny o -3 -3 22—
3 6 0 0 —6 —6
1 4 2
0 -3 -=3f.
0 0 0

Column 3 has no pivot = the set is LD. The free variable gives v3 = v1 — va.

Important Lemmas.

1. A set containing the zero vector is always LD.
2. A set {v} with one nonzero vector is LI.

3. If {v1,...,vn} is LD, then at least one vector is a linear combination
of the others.

4. If {v1,...,vn} is LI and {vi,..
span{vi,...,vn}.

. Un,Un41} is LD, then v,41 €

5. In R™, any set of more than n vectors is LD.

Wronskian. Let f1, fa,..., fn € C"~(I). The Wronskian of f1,..., f, is
f1 f2 In
f 5 f
W(f1,..-, fn)(x) = det : . :
fl(n—l) f2(n—1) f'r(zn_l)
If W(f1,...,fn)(zo) # 0 for some zo € I, then {f1,...,fn} is LI on I.

Example. Show {e®,e?*} is L1.
xT

2z
Solution. W (e®,e?®) = det [ex ¢
e

262x:| =2e3% — 3% =37 £,

9 Bases and Dimension
Basis. A set B = {v1,v2,...,v,} CV is a basis for V if:
1. B spans V: span(B) =V.

2. B is linearly independent.
Standard Bases.

e R™: {e1,e2,...,en}, where e; has 1 in position ¢ and 0 elsewhere.

o P,(R): {1,z,2%,...,2"}.

TR PR Y T B O B P

Dimension. If V has a basis B = {v1,...,vs}, then dim(V) = n. By

convention, dim({0}) = 0.

Example. dim(R") =n, dim(P,(R))=n+1, dim(Mmnxn(R))=mn.
ibry dim(Sym,(R)) = 3 (the space of 2 X 2 symmetric matrices).
dim(C™[a, b]) = co.
Theorem 13. Let V be a vector space with dim(V') = n.

1. Any LI set in V' has at most n vectors.

2. Any spanning set for V has at least n vectors.

3. Any LI set of exactly n vectors is a basis.

4. Any spanning set of exactly n vectors is a basis.



Extending to a Basis. If S = {v1,...,v;} is LI and k£ < n = dim(V), then
S can be extended to a basis by adding n — k vectors.

Reducing to a Basis. If S = {v1,...,vm} spans V and m > n = dim(V),
then we can remove vectors from S to obtain a basis.

Finding a Basis for null(A). Row reduce A to RREF. Express pivot
variables in terms of free variables to get the general solution. The vectors
corresponding to each free variable form a basis for null(A).

1 2 0 -1
Example. Find a basis for null(4) where A= (2 4 1 0
3 6 1 -1
1 2 0 -1
Solution. RREF of A: |0 0 1 2
0 0 0 O
Free variables: o = s, x4 = t. Then 1 = —2s 4+ t, x3 = —2t.
-2 1
null(A) = span N 82 , dim(null(A)) = 2.
0 1

Theorem 14. Let A be an n X n matrix. The following are equivalent:

The columns of A form a basis for R™.
A is invertible.

det(A) # 0.

Az = 0 has only the trivial solution.

Az = b has a unique solution for every b.
rank(A) = n.

null(A) = {0}.

The RREF of A is I,.

® N ok W

10 Direct Sums
Sum of Subspaces. If Wj, W5 are subspaces of V, their sum is

Wi+ Wa ={wi + w2 | w1 € Wi, wa € Wa}.

This is a subspace of V' and is the smallest subspace containing both Wj and
Wa.

Direct Sum. The sum Wj + Wy is a direct sum, written W1 @ Wa, if
Wi N Wa = {0}. Equivalently, every vector v € Wi + Wa can be written
uniquely as v = w1 + weg with w1 € Wy, wa € Wa.

Theorem 15. Wi+ Ws is a direct sum if and only if every vector in W7 +Ws
has a unique representation as wi + weg with w; € Wj.

Proof. (=) Suppose W1 N W2 = {0} and v = w1 + w2 = w} + w}. Then
wy —w] = wh —wz € W1 NWa = {0}, so wy = w] and we = wh. (<) If
v € W1NWa, then v = v4+0 = 04w gives two representations of v € W1 +Wa.
By uniqueness, v = 0. O
Theorem 16 (Dimension Formula). If Wi, W5 are subspaces of a finite-
dimensional vector space V', then

dim(W1 + Wz) = dim(Wl) + dim(Wg) — dim(Wl N Wg).
In particular, if V.= Wi @ Wa, then dim(V) = dim(W1) + dim(W2).
Multiple Direct Sums. More generally, V =W @ Wa & - - - & Wy, if every
v € V can be written uniquely as v = wy + - - - +wy with w; € W;. This holds

fV=Wi+-- - +Wiand Wy,N(Wr+-- - +Wi_1 +Wip1 +---+ W) = {0}
for each i.

Eigenspace Decomposition. If A is diagonalizable with distinct eigenval-
ues A1, ..., Ak, then

R'=Ey, ®E), & - ®E),.

This decomposition is the key structural result behind diagonalization: each
vector decomposes uniquely into eigenvector components.

1
Example. In R3 let Wi = span 0 (the z-axis) and W» =
0
0 0
span¢ (1], |0 (the yz-plane). Then W1 N W2 = {0} and W1 + Wa = R3,
0 1

11 Dual Spaces

Linear Functional. A linear functional (or linear form) on a vector space V'
over F is a linear transformation f : V' — F. That is, f(au+bv) = af(u)+bf(v)
for all u,v € V and a,b € F.

Examples.
e The trace tr : R"*™ — R defined by tr(A) = > 7' ; aj; is a linear
functional on the space of n X n matrices.
e For a fixed a € R", the map f(z) = a’x is a linear functional on R™.
e The evaluation map eve : Pn(R) — R defined by ev.(p) = p(c) is a

linear functional on the space of polynomials of degree < n.

Dual Space. The dual space of V, denoted V*, is the vector space of all
linear functionals on V:

V*=L(V,F)={f:V = F| f is linear}.

V'* is itself a vector space under pointwise addition and scalar multiplication:
(f +9)(v) = f(v) + g(v) and (cf)(v) = c- F(v).

Theorem 17. If V is finite-dimensional, then dim(V*) = dim(V), so
Vv,

Dual Basis.

pgr={f,...

Let 8 = {vi,...,vn} be a basis for V. The dual basis
, fn} for V* is defined by

1 ifi=j
(v5) = 655 = )
fulv) =0 {0 if i # .

Each f; is the unique linear functional satisfying this condition. Then S* is
a basis for V*.

Proof. Each f; is well-defined since a linear map is determined by its action
on a basis. To show 8* is a basis: if ) ¢; f; = 0, apply to v; to get ¢; = 0, so
B* is linearly independent. Since |*| = n = dim(V™*), it is a basis. ]

Example. Let V = R? with standard basis 8 = {e1,e2}. The dual basis is
{f1, f2} where fi(a,b) = a and f2(a,b) = b (the coordinate functions). For

B ={(1,1),(1,—1)}, the dual basis is fj(a,b) = ‘LT'H’ and f4(a,b) = “;b.

Double Dual. The double dual of V is V** = (V*)*. There is a nat-
ural (canonical) isomorphism ® : V — V** defined by ®(v)(f) = f(v)
for all f € V*. This map is injective (hence an isomorphism when V is
finite-dimensional) and does not depend on any choice of basis, unlike the
isomorphism V 22 V'*.

Annihilator. For a subspace W C V, the annihilator of W is
WO={feVv*| f(w)=0vVwe W}

WO is a subspace of V*.
Theorem 18. If V is finite-dimensional and W is a subspace of V, then
dim(W?) = dim(V) — dim(W).

Proof. The inclusion map ¢ : W < V induces the dual map ¢* : V* — W*
defined by ¢*(f) = flw. Then ker(t*) = WO and ¢* is surjective (ex-
tend any functional on W to V). By the rank-nullity theorem, dim(W?°) =
dim(V*) — dim(W*) = dim(V) — dim(W). O

Transpose (Dual Map). If T : V — W is linear, the transpose (or dual
map) T* : W* — V* is defined by T*(g) = go T for g € W*. If A is the
matrix of T with respect to bases (3, ~, then the matrix of T* with respect to
~*, B* is AT.

12 Change of Basis

Coordinate Vector. Let B = {v1,v2,...,vn} be an ordered basis for V. If
v = c1v1 + c2v2 + - - - + cpUn, then the coordinate vector of v relative to B is

1
c2
vl =

Cn,
1] [3 . - 7
Example. Let B = ol |5 be a basis for R?. Find [v]p for v = 1l

Solution. We need c¢1 and cg such that ¢ B} + c2 |:g:| = [7

11} . Solving gives



c1=-2,¢c2=3. S0 [v]g = {_32}
Transition Matrix. Let B = {v1,...,vn} and C = {w1,...,wn} be two
bases for V. The transition matrix from B to C, written Po p, satisfies

vl = Poceplvl]g forallve V.

The columns of Po g are [vi]c, [v2]c, - -, [vn]c-

Computing Poc.p in R®. Row reduce [C | B] to [I | Pc«p]. Here

C=[ws - wp]and B=[v1 -+ vn].

Properties.

1. Po. p is invertible, and (Pc )~ ! = Ppcc-

2. If D is a third basis, then Pp.. g = Pp.c - PocB-

Example. Let B = {[ﬂ R {_11]} and C = {[ﬂ R {ﬂ} be bases for R2.

Find Po. p.
Solution. Row reduce [C | B]:

R1<Ro 1 1
2 111 1
—Ro 1 11 -1 Ri—Rs 1 0]0 2
0o 1|1 -3 0o 1|1 -3 |°

So Pop = {(1) 33] Verify: |:ﬂ =0 {ﬂ +1 |:ﬂ v

13 Row Space and Column Space
Column Space. The column space of A is

2 1|1 1
1 -1

col(A) = span{columns of A} = {Az | x € R"}.

Row Space. The row space of A is

row(A) = span{rows of A} = col(AT).

Rank. rank(A) = dim(col(A4)) = dim(row(A)) = number of pivot columns.

Theorem 19 (Rank-Nullity Theorem for Matrices). If Ais an m X n
matrix, then
rank(A) + nullity(A) = n,

where nullity(A) = dim(null(A)).

This is a direct consequence of the Rank-Nullity Theorem for linear transfor-
mations applied to T'(z) = Axz. Since rank(A) = dim(col(A)) = dim(rngT)
and nullity (A) = dim(ker T'), the result follows immediately. Intuitively, the
n columns of A contribute either to the rank (independent directions in the
output) or to the nullity (directions collapsed to zero), and these two account
for all n dimensions of the domain.

Finding a Basis for col(4). Row reduce A to RREF. The columns of the
original A that correspond to pivot columns form a basis for col(A).

Finding a Basis for row(A). Row reduce A to REF (or RREF). The nonzero
rows of the REF form a basis for row(A).
Theorem 20. Row equivalent matrices have the same row space.

Example. Find bases for col(A) and row(A) where

1 3 5 4
3 1 6 8
A= 4 4 11 2
7 5 17 20
1 0 138 5
9 1
Solution. RREF of A: 8 (1) 68 (/]2 . Pivots in columns 1 and 2.
0 0 0 0
1 3
Basis for col(A): i R le (columns 1 and 2 of original A).
7 5
3

Basis for row(A): {(1,0, %, 5), (0,1, %’ D1
rank(A) = 2.

LINEAR TRANSFORMATIONS

14 Linear Transformations

Linear Transformation. Let V and W be vector spaces.
T :V — W is a linear transformation if:

A function

(a) Yoi,v2 €V, T(v1 +v2) =T (v1) + T(v2).
(b) Vk € Fand v € V, T(kv) = kT (v).

Equivalently, T'(civ1 + cav2) = c1T(v1) + c2T(v2) for all vi,v2 € V and
ci,c2 € F.

Examples.

e T :R2? — R? defined by T(a,b) = (a + 3b,5a + 7b) is a LT.
e The differential operator: D : C™(I) — C*~1(I), D(f) = f', is a LT.
More generally,
(D" + an—1(2)D" " + -+ + a1 (z) D + ao(2))(f)
is a linear transformation.
e Integration: T : C(R) — R defined by T'(f) = ff f(t)dt is a LT.
e Reflection about the z-axis: T'(z,y) = (z, —y).
e Projection onto the y-axis: T'(z,y) = (0,y).
" e The zero transformation: T'(v) = 0 for all v.
|
e Matrix transformation: 7' : R™ — R™ defined by T(z) = Az for an
m X n matrix A.

Theorem 21. Let V and W be vector spaces, and let T': V — W be a LT.
Then,

The identity transformation: T'(v) = v for all v.

1. T(0Oy) = Oy .
2. T(civi +cava + -+ -+ cnvn) = c1T(v1) + c2T(v2) + -+ - + cn T (vn).
3. T(v1 —wv2) =T (v1) — T(v2).
Fact. T is determined by its values on basis vectors. If B = {v1,..
basis for V and v = c¢jv1 + - - - + cpvn, then

Tw)=c1T(v1) + 2T (v2) + - -+ + enT(vy).

,untisa

Non-Examples. A function 7T is not a LT if:

e T(0) # 0. For example, T'(z) = z + 1 is not a LT since T(0) =1 # 0.
2

e T involves nonlinear operations. For example, T(z,y) = (z
a LT.

y) is not

15 Kernel and Range
Kernel and Range. Let T: V — W be a LT.

1. The kernel of T: ker T = {v € V | T'(v) = 0}.
2. The range of T: mgT = {w € W | w = T'(v) for some v € V'}.

\%4 w 14 w

==

(a) ker T

mgT

(b) g T

Theorem 22. Let T: V — W be a LT. Then ker T is a subspace of V, and
rng T is a subspace of W.

Proof (kerT is a subspace). (1) T(Oy) = Ow, so Oy € kerT. (2) If
u,v € ker T, then T(u+v) =T(u) +T(v) =0+0=0,s0 u+v € kerT. (3)
If u € kerT and c € F, then T'(cu) = c¢T'(u) = c0 =0, so cu € ker T O
Proof (rngT is a subspace). (1) Oy =T(0y) € rngT. (2) If wy, w2 € rng T,
then w1 = T(v1) and we = T(vz) for some vi,v2 € V. So wi + w2 =
T(v1) +T(v2) =T(v1 +v2) €rngT. (3) f w="T(v) €rngT and c € F, then
cw = cT'(v) =T(cv) € rngT. O

Connection to Null Space and Column Space. Let A be an m X n

matrix and T : R™ — R™ defined by T'(v) = Av. Then:

1. ker T = null(A).
2. rngT = col(A).



Theorem 23 (Rank-Nullity Theorem). Let T : V — W be a LT with
dim V = n. Then
rank(T) + nullity(7') = dim V,

i.e., dim(rng T') + dim(ker T') = n.

Proof. Let dim(ker7) = &k and let {ui,...,ux} be a basis for
kerT. Extend this to a basis {u1,...,ug,v1,...,9n_k} of V. We claim
{T(v1),...,T(vp—k)} is a basis for rng T

Spanning: Let w € rngT, so w = T(v) for some v € V. Write v =
> aju; + > bjv;. Then w = T(v) = 3 a;T(us) + 2 b0;T(vj) = > b;T(vj)
since T'(u;) = 0.

LI: Suppose Y ¢;T(vj) = 0. Then T'(}" cjv;) =0, s0 Y ¢jv; € ker T. Thus
> cjvj = Y dsu,; for some scalars d;. This gives Y dsu; — > cjv; = 0, and
since {u1,...,ug,v1,...,Vn_k} is a basis (hence LI), all ¢; = 0.

So dim(rng T') = n — k, giving rank(T) + nullity (T') = n. O

Example. Let T : R3 — R? be defined by T(x,y,2) = (¢ + y,y — 2z). The

1 1 0].RREF: [1 0

matr1x1sA:[O 1 -1 0 1

711} . Free variable x3 = t:
—1

ker T' = span 1 , dim(kerT) = 1.
1

Since rank(A) = 2, rng T = R2. Verify: 2 + 1 = 3 = dim(R?). v/

16 One-to-One and Onto
One-to-one (Injective). T : V — W is one-to-one if T'(v1) = T(v2) =
v = va.

Onto (Surjective). T : V — W is onto if for every w € W, there exists
v € V with T'(v) = w.

Isomorphism. T is an isomorphism if it is both one-to-one and onto (bijec-
tive).
Theorem 24. Let T: V — W be a LT.

1. T is one-to-one if and only if ker T = {0}.
2. T is onto if and only if rngT = W, i.e., dim(rng7T) = dim W.

Proof of (1). (=) Suppose T is one-to-one. Let v € ker T', so T'(v) = 0 = T'(0).
Since T is one-to-one, v = 0. So kerT' = {0}. (<) Suppose kerT = {0}. If
T(v1) = T(v2), then T'(v1 —v2) = T'(v1)—T(v2) = 0,80 v1 —v2 € ker T' = {0},
giving v1 = va. O
Theorem 25. Let T: V — W be a LT with dimV = dim W = n. Then:

T is one-to-one <= T is onto <= T is an isomorphism.

Isomorphic Vector Spaces. V and W are isomorphic (written V = W) if
there exists an isomorphism 7" : V — W.

Theorem 26. Two finite-dimensional vector spaces over F are isomorphic if
and only if they have the same dimension.

Example. P>(R) 2 R3 since dim(P2(R)) = 3 = dim(R3).
morphism is T'(a + bz + cz?) = (a, b, c).

An explicit iso-

17 Matrix Representation of Linear Transformations
Matrix of a Linear Transformation. Let 7' : V — W be a LT, let
B = {v1,...,vn} be a basis for V, and let C = {w1,..., wm} be a basis for
W. The matrix of T relative to B and C' is
[Mees = [[TEle Tle - [Ta)le].

This is the m X n matrix whose columns are the coordinate vectors of
T(v1),...,T(vn) relative to C.

The key property is: [T'(v)]c = [T]c«plv]p for allv € V.
When V=W and B = C, we write [T]g = [T|B—B-

Example. Let T : P»(R) — Pi(R) be the derivative T(p) = p’. Let
B ={1,z,2%} and C = {1,z}. Then:

T(1)=0=0-140-z, T(x)=1=1-14+0-2, T(@>)=2c=0-1+2-=z.
0 1 0
So [TcwpB = [O 0 2:|.

Example. Let T : R2 — R? be T(z,y) = (x + vy, 2z — y). With the standard
basis F = {e1,e2}:

T(e1) =T(1,0) = (1,2),

So [Tp = [; _11}

T(ez) = T(0,1) = (1, —1).

Change of Basis for Linear Transformations. If B and B’ are two bases
for V,and T : V — V is a LT, then

[T)p: = PprplT18Psep = (Pprep)T](Ppp)""

Similar Matrices. Two n X n matrices A and B are similar if there exists
an invertible matrix P such that B = P~1AP. Similar matrices represent the
same linear transformation with respect to different bases.

Theorem 27. Similar matrices have the same:

Determinant.
Rank.
Trace.

Eigenvalues (with same multiplicities).

BNl

Characteristic polynomial.
EIGENVALUES AND DIAGONALIZATION

18 Eigenvalues and Eigenvectors

Definition. Let A be an n X n matrix. A scalar A is an eigenvalue of A if
there exists a nonzero vector v such that

Av = M.

The nonzero vector v is called an eigenvector of A corresponding to .

Eigenspace. The eigenspace of A corresponding to eigenvalue X is
Ey =null(A—XI) ={veR" | (A— A)v =0}

This is a subspace of R™. The eigenvectors corresponding to A are the nonzero
vectors in E).

Characteristic Polynomial. The characteristic polynomial of A is
p(A) = det(A — AI).
The eigenvalues of A are the roots of p(A) = 0.

Finding Eigenvalues and Eigenvectors.

1. Compute det(A — AI) = 0 and solve for A.
2. For each eigenvalue \;, solve (A — A\;J)v = 0 to find the eigenspace

E,,.
. . . 4 1
Example. Find the eigenvalues and eigenvectors of A = 2 3|
. [4— X 1
Solution. det(A — AI) = det 9 3y = 4-XNB-X -2 =

A2 _TA4+10=(A—5)(A—2)=0.
Eigenvalues: \;1 = 5, Ay = 2.

For A\ =5: (A-5l)v=0 =

P—HIE

For o =2: (A-2)v=0 =

B = Span{ [iﬂ }

1 2 0
Example. Find the eigenvalues and eigenvectors of A= [0 3 0].
2 0 1
1—A 2 0
Solution. det(A — X)) = det| O 3—-A 0 = (3 -
2 0 1—A
1—A 0 2 :
A) det [ 9 1— )\:| = (3—-XN(1—-X)?—-(3=X) 4. Expanding along

row 2: B3—=N[(1=X2-4=B-ANMN\2-22-3)=B-N)A-3)(\+1) =
—-(B3=X2(A+1) =0

Eigenvalues: A1 = 3 (a.m. =2), A2 = —1 (a.m. = 1).



-2 2 0 1
For\1 =3: (A-3[)v=0 = |0 0 O0|v=0 = v=s]|1|. So
2 0 -2 1
1
FE3 = span 1 ,gm. = 1.
1
2 2 0 1
For \a = -1: (A+I)v=0 = (0 4 Olv=0 = v=¢t]|0
2 0 2 —1
1
E_1 = span 0
-1

Since g.m.(3) = 1 < 2 =a.m.(3), this matrix is not diagonalizable.

Algebraic and Geometric Multiplicity.
e The algebraic multiplicity of X, denoted a.m.()), is the multiplicity of
A as a root of the characteristic polynomial.

e The geometric multiplicity of X, denoted g.m.(\), is dim(E)) =
nullity (A — AI).

Theorem 28. For each eigenvalue A: 1 < g.m.(A) < a.m.(\).
Properties of Eigenvalues.

det(A) = [T, Ai (product of eigenvalues).

tr(A) =37 4 ay =y y A (sum of eigenvalues).

A is invertible if and only if 0 is not an eigenvalue of A.

If X is an eigenvalue of A, then \¥ is an eigenvalue of AF.

Al

If A is invertible and X is an eigenvalue, then A\~! is an eigenvalue of
AL,
6. Eigenvalues of A and AT are the same.

Theorem 29. Eigenvectors corresponding to distinct eigenvalues are linearly
independent.

Proof. We prove this by induction. The base case (k = 1) is clear: a single
eigenvector is nonzero, hence LI. Suppose the result holds for k£ — 1 eigen-
vectors. Let A1,...,\r be distinct eigenvalues with eigenvectors v1, ..., vg.
Suppose ¢1v1 + c2v2 + - - - + cpvr, = 0. Multiplying by A:

c1A1v1 + cadav2 + -+ - + cpAgvg = 0.
Subtracting A; times the original equation:
c1(M = Ap)vr +e2(Aa — Ap)va + -+ e—1(Ag—1 — Ap)vg—1 = 0.

By the inductive hypothesis, {v1,...,vx_1} is LI, so ¢;(A; — A\gx) = 0 for
i =1,...,k— 1. Since \; # A, we get ¢; = 0 for all ¢ < k. The original
equation then gives cxvr = 0, and since v # 0, ¢ = 0. O

Trace. The trace of an n X n matrix A is tr(4) = Y7 | a4;.
Properties: tr(A + B) = tr(A) + tr(B), tr(cA) = ¢ tr(A), tr(AB) = tr(BA).

Cayley-Hamilton Theorem. Every square matrix satisfies its own charac-
teristic polynomial. That is, if p(A) = det(A — AI), then p(A) = 0 (the zero
matrix).

Proof sketch (diagonalizable case). If A = PDP™! with D =
diag(A1,..., ), then p(A) = Pp(D)P~ L. Since p(D) =
diag(p(A1),...,p(An)) and each A; is a root of p, we get p(D) = 0, hence
p(A) = 0. The non-diagonalizable case requires a continuity argument or
Jordan form. O
1 2 ) .
Example. If A = 3 4], then p(A\) = A? — 5\ — 2. By Cayley-Hamilton:

A2 _5A4 -2 =0, s0 A2 =54+ 2I.

19 Diagonalization
Diagonal Matrix. A diagonal matrix is a square matrix with all off-diagonal
entries equal to zero:

A 0 - 0

0 Ao .- 0
D = diag(A1,A2,...,An) =

0 0 oo An

Diagonalizable Matrix. An n X n matrix A is diagonalizable if there exists
an invertible matrix P and a diagonal matrix D such that A = PDP~!, or

equivalently P~1AP = D.

The columns of P are the eigenvectors of A, and the diagonal entries of D are
the corresponding eigenvalues.

Theorem 30. An n X n matrix A is diagonalizable if and only if A has n
linearly independent eigenvectors.

Proof. (=) If A= PDP~!, then AP = PD. Writing P = [v1 --- vn] and
D = diag(A1,...,An), the é-th column gives Av; = Ajv;. Since P is invert-
ible, {v1,...,vn} is LL. (<) If v1,...,vn are LI eigenvectors with eigenvalues
Al, ..., An, set P = [v1 -+ vy] (invertible since the columns are LI). Then
AP = PD where D = diag(\1,...,A\n), so A= PDP~1. ]
Theorem 31. A is diagonalizable if and only if g.m.()\) = a.m.()) for every
eigenvalue A.

Theorem 32. If A has n distinct eigenvalues, then A is diagonalizable (the
converse is false).

Diagonalization Procedure.

L, Ak of A.
2. For each \;, find a basis for Ey;.

1. Find the eigenvalues A1, ..

3. If the total number of basis vectors equals n, form P using these eigen-
vectors as columns and D = diag(A1,...,An).

4. If not, A is not diagonalizable.

Example. Diagonalize A = E zﬂ

Solution. From the earlier example, A\; = 5 with eigenvector E] and A\g =2

with eigenvector {;1} So:

1o-1 5 0 _ 1
P_L 2], D_{O 2}, A=pPDpPL.

Powers of Matrices. If A= PDP~!, then A*¥ = PD*P~1 where

A0 -0
i 0 X -0
D =

0 0 - Xk

2 3
_ 100 111
Solution. A100 = pp100p—1 — |:1 1:| [5 0 ] |:1 1} .

1 2 0 210001 11 2
Sincepflzl[2 1}:

Example. Compute A0 for A = |:4 1:|.

31-1 1

2,5100 72,2100

AIOO _ 1 2. 5100 + 2100
- 3 5100 +2. 2100

5100 _ 9100 i|

Non-Diagonalizable Example. A = [(2) ; has A = 2 with a.m. = 2 but

gm. =1 (EQ = span { [(1)} }) Since g.m. < a.m., A is not diagonalizable.

1 0 O
Example. Diagonalize A= [0 1 —2f.
0 1 4

Solution. p(A) = det(A—AI) = (1-X)[(1=A)(4—=A)+2] = (1-2)(A\2=5)+6) =
T=XA=2)(A=3).
Eigenvalues: A1 = 1, A2 = 2, A3 = 3 (all distinct = diagonalizable).

1

0
Ei: A—Ilv=0 = v=1t|0|. E: (A-2[)v=0 = v=1t]|2].
1

[en]



20 Minimal Polynomial
Definition. The minimal polynomial m(A\) of an n X n matrix A is the
monic polynomial of least degree such that m4(A) = 0 (the zero matrix).

Existence. The minimal polynomial exists and is unique: the set of poly-
nomials p with p(A) = 0 is nonempty (by Cayley-Hamilton, pa () is such a
polynomial) and contains a unique monic polynomial of minimum degree.
Theorem 33. Let pa(A) = det(A— AI) be the characteristic polynomial and
m4 (A) the minimal polynomial of A.

1. ma(N) divides pa(A).
2. ma(X) and pa () have the same roots (i.e., the same eigenvalues).

3. ma(X) divides every polynomial ¢(\) such that g(A) = 0.

Proof of (2). If Ao is a root of ma, then ma(A) = (A — Xo)g(N), so
0 =my(A) = (A—XoI)g(A). Since deg(g) < deg(ma), we have q(A) # 0,
so there exists v with g(A)v # 0. Then (A — XoI)(q(A)v) = 0, so g(A)v
is an eigenvector for Ag; hence Ag is an eigenvalue. Conversely, if A\g is an
eigenvalue with eigenvector v, then 0 = m 4 (A)v = ma(Xo)v, so ma(Xo) =0
since v # 0. O
Theorem 34. A is diagonalizable if and only if m 4 (A\) has no repeated roots;
e, ma(A) = (A= A1)(A— X2)--- (A — Ag) with distinct A;.

This provides a powerful diagonalizability test: instead of computing all ge-
ometric multiplicities, one can check whether the minimal polynomial is a
product of distinct linear factors.

Computing m4(N). Factor the characteristic polynomial pa(A\) =
[T(A — A))™. The minimal polynomial has the form ma(\) = [J(A — A;)%
where 1 < k; < n;. Test candidates starting with k; = 1 (all exponents 1),
then increase exponents until m 4(A) = 0.

Examples.
o A =diag(2,3,3): pa(\) = (A —2)(A —3)2. Test m = (A —2)(A — 3):

m(A) = (A —2I)(A — 3I) = diag(0,1,1) - diag(—1,0,0) = 0. So
ma(A) = (A —2)(A — 3) and A is diagonalizable.

o« A= [g ﬂ pa(A) = (A — 2)2. Test m = (A —2): m(A) = A—2I =
[8 (1)} # 0. So ma(\) = (A — 2)? (repeated root) and A is not
diagonalizable.

21 Jordan Normal Form

When a matrix is not diagonalizable, the Jordan normal form is the “closest
to diagonal” form achievable by a similarity transformation.

Jordan Block. A k x k Jordan block for eigenvalue A is the matrix

A1 o - 0
0 A 1 --- 0
TN =1
o --- 0 A1
o --- 0 0 A

kxk

A 1 x 1 Jordan block Ji () = [A] is just a diagonal entry.

Generalized Eigenspace. The generalized eigenspace of A for eigenvalue A
is

Gy =null(A-AI)") ={veR" | (A— A)" v =0},
where ny = a.m.()\). We always have E\ C G and dim(G)) = n,.
Theorem 35 (Jordan Normal Form). Let A be an n X n matrix (over C,
or over R if all eigenvalues are real). Then there exists an invertible matrix P
such that

J’ﬂ (/\1)
Jry (A2)
PTlAP=J = . :

JkT(/\r)

where J is the Jordan normal form of A. The Jordan blocks are unique up
to reordering.

Properties.

e The number of Jordan blocks for A equals g.m.(\) = dim(E}).

e The sum of the sizes of all Jordan blocks for A equals a.m.(\).

e A is diagonalizable <= every Jordan block is 1 x 1 <= m4 has no
repeated roots.

e The largest Jordan block for A has size equal to the exponent of (A—2X\;)
in ma(X).

Computing Jordan Form. For each eigenvalue A with a.m.(X) = ny:

1. Compute r, = rank((A — AI)*) for k= 1,2, ...

2. The number of blocks of size > k is ny — ri + rr—1 (where ro = n).
Equivalently, the number of Jordan blocks of size exactly k is

nullity (A — AI)¥) — nullity (A — AIT)F~1).

until it stabilizes.

5 4 2 1
0 1 -1 -
-1 -1 3 0
1 1 -1 2

Example. Let A = with pa(A) =(A=1)(A—=2)(\ —

4)2.
For A = 4: a.m. = 2. Compute rank(A — 4I) = 3, so nullity = 1 = g.m. Since

g.m. < a.m., there is one 2 X 2 Jordan block for A =4. For A\=1and A = 2:
a.m. = 1, so each yields a 1 x 1 block.

J=

SO N O
O = OO
N N e R ]

1
0
0
0

Powers via Jordan Form. If A = PJP~! then A¥ = PJ*P~1. For a
single Jordan block:

2\F (?))\k*l (k)Ak72
7 yk—
RPN K U P
m - . )
0o .- 0

where the (i, j) entry is (jfi))\k_(j_i) for j >4 and O for j < 1.

Matrix Exponential. For a Jordan block, eJm (M)t
t2 m—1
1 t Pl (m—12)!
0o 1 t e
(m—2)!
e . . . .If A= PJP~!, then et = Pe/tP—1,
0 0 1 t
0 0 0 1
2 1 0
Example. Find the Jordan form and a Jordan basis for A= [0 2 0].
0 0 3
Solution. p(\) = (A — 2)2(\ — 3). Eigenvalues: A =2 (am. = 2) and A = 3
(a.m. =1).
0 1 0
For A = 2: nullity(A — 2I) = nullity [0 0 0| =1. Sincegm. =1< 2=
0 0 1
a.m., one 2 X 2 Jordan block.
1
Eigenvector: v = |0|. Generalized eigenvector: solve (A — 2I)vy = v1, i.e.,
0
0 1 0 1 0
0 0 Olvy= (0] = wv2=|[1].
0 0 1 0 0
0
For A =3: v3 = |0f.
1
1 0 0 2 1 0
P=1|0 1 0|=1I, J=|0 2 0f=A
0 0 1 0 0 3
A is already in Jordan form. For a non-trivial case, if B = [El é:|, then
) -1 1] . . . 1
p(A) = (A—4)? and B—4I = 11 with nullity 1. Eigenvector: vy = nE

Generalized eigenvector: (B — 4l vy = v; = vy = |:(1]] So P = E (1)}

4 1
-1 _
and P~'BP = {0 4].

INNER PRODUCT SPACES



22 Inner Product Spaces

Inner Product. Let V be a vector space over R. An inner product on V is
a function (, ): V x V — R satisfying:

1. Positive Definiteness: Vv € V, (v,v) > 0, and (v,

w) = (w,v).
3. Linearity (first argument): Vu,v,w € V and ¢ € R:
o (utv,w) = (u,w)+ (v,0).

o (cu,w) = c{u,w).

v)=0iff v=0.
2. Symmetry: Yv,w € V, (v,

An inner product space is a vector space equipped with an inner product.

Examples.

e The dot product on R":
inner product on R™.

(u,v) =u-v =371

1 U;v; is the standard

e OnV = Cla,b]:

= [ f

g(z) dz is the standard inner product

on Cla,b).
e On V = C[0,1]: (f,g9) = 1/2f(33) (z)dz is not an inner prod-
0 <1
uct. Consider f(z) = 12 = 2. Then f # 0 but (f,f) =
(z—3)" >3
f01/2 f%(x) dz = 0, violating positive definiteness.

Norm. The norm of v € V' is ||v|| =

(v, v).

Distance. d(u,v) = ||lu — v]].

Angle. The angle 6 between v and w is cosf =

Orthogonality. u and v are orthogonal if (u,v) = 0, written u L v.
Theorem 36 (Cauchy-Schwarz Inequality). For all u,v € V: [(u,v)| <
llull - vl

Proof. If v = 0, both sides are 0. Assume v # 0. For any t € R, consider
(u — tv,u — tv) > 0 (positive definiteness). Expanding:

(u, u) — 2t(u, v) + t2(v,v) > 0.

This is a quadratic in ¢ that is always > 0, so its discriminant must be < 0:

4u, 0)? — M, u)(v,0) <O = (u,0)? < Jlul?|lo]%.
Taking square roots gives the result. Equality holds iff u = tv for some ¢t. O

Theorem 37 (Triangle Inequality). For all u,v € V: |lu+v]|| < ||u]| +] v

Proof. [lu+v|? = (u+v,u+v) = [[ul|® + 2{u, v) + [[v]|* < [Ju]|® + 2([ull]]] +
[v]I2 = (JJu]| + Jlv]))?, where the inequality uses Cauchy-Schwarz.

Theorem 38 (Pythagorean Theorem). If u L wv, then |ju 4 v||? =
llull® + (]I

Proof. |lu+ [ = (u+v,u+v) = [ul|* +2(u, v) + [|v]|* = [[u]|* + [|v]|?* since
(u,v) = 0. O
Theorem 39 (Extended Linearity).
all ¢c1,...,cn ER, v1,...,0p,w €V

Let V be an inner product space. For

(crvr + -+ + envn, w) = c1(vi,w) + -+ + cn(vn, w).

Similarly for the second argument (by symmetry).

23 Orthogonal Sets and Orthogonal Projection
Orthogonal and Orthonormal Sets.
and S = {v1,v2,...,0n} C V.

Let V be an inner product space

1. S is an orthogonal set if (vi,v;) = 0 whenever i # j.
2. S is an orthonormal set if S is orthogonal and ||v;|| = 1 for all <.
3. An orthogonal basis / orthonormal basis is a basis that is orthogonal

/ orthonormal.

To make an orthogonal set orthonormal, normalize each vector:
Vi

lloill”

Vg =

Theorem 40. Any orthogonal set not containing 0 is LI.

Proof. Let S = {v1,...,vn} be orthogonal with no zero vectors. Suppose
c1v1 + - -+ + cpvp = 0. Taking the inner product with v;:
n
2
0=(0,v) = > ci(vi,v) = ¢j(vj,v5) = ;o>
i=1
Since vj # 0, ||v;||? > 0, so ¢; = 0 for all j. O

Orthogonal Projection. The projection of b onto a is

(a, b) _ (a, b)
llall (a,a)

projq (b) =

The scalar ﬂiﬁﬁ is called the scalar projection (or component) of b onto a.

Theorem 41 (Fourier Representation Theorem). Let V be an inner

product space.

1. If S = {v1,...,vn} is an orthogonal basis, then for all v € V:
n
v = <U,U7,2>Ui = 7<U7U1> U1 +.”+7<U7Un> Un
= vl (v1,v1) (vn, vn)
2. If S ={v1,...,vn} is an orthonormal basis, then for all v € V:

n

v = Z@wﬁvi = (v,v1)v1 + -+

=1

24 The Gram-Schmidt Process

Gram-Schmidt Process. Let B = {v1,v2,...
product space V. Define:

+ (v, vn)vn

,Un} be a basis for an inner

w1 = v1
Wy — v <v2,w;> )
[lwn]]
(v, w1) (v, w2)
w3 V3 w2
[lw1 |2 [lw2]|?
k—1
_ (Vg wi)
=y 3 e,
= lwill

Then {w1,wa,...
basis, normalize:

, Wn } is an orthogonal basis for V. To obtain an orthonormal

{ w1 w2 wn, }
lwll” lwall” " lwnll ]
1 1 0
Example. Apply Gram-Schmidt to B =< [1], 0], [1]|  in R3 (with the
0 1
dot product).
1
Solution. w1 = |1
0
1 1
_ ({of, 1))
1 1 0 1 1 1 1 1/2
wy = [0] — 1 =o| -2 1| = |-1p
1 H,olo 1l 2o 1
- Ll
0
0] 0
1| ,w 1|, w
0 ¢ ! A ! 2) 0] 1] [ —2/y
wy = |1|— T — S w2 = 1|{—= —— | =1 =| 2/3
1 [lwa |l [|lw2|] 1l 2o 3/2 1 2/3
1 1/2 —2/3
Orthogonal basis: 1), [=1/2],]| 2/3
0 1 2/3

25 QR Factorization
QR Factorization. If A is an m X n matrix with linearly independent

columns, then A can be factored as A = QR, where:
e (Qis an m X n matrix with orthonormal columns.

e Ris an n X n upper triangular invertible matrix with positive diagonal
entries.



Method. Apply Gram-Schmidt to the columns of A, then normalize to get
the columns of Q. Then R = QT A.

Example. Find the QR factorization of A =

—_o =

1

1

0

1 1
Solution. Gram-Schmidt on the columns a; = |:1:| ,a2 = |0f:

0 1

1 1 1/2
w1 = a1, wy = az — EEw = |0 - 101 = [-1].
1 0 1
1 1/2 1
ize: qp = L =1 _1 -1 |_
Normalize: ¢ 7 é ) Jor 1/2 75 21
YRRV
Q=[1/: —NE|, R=QTA= [ﬁ i/“ﬂ-
0 2/vE 0 38

26 Orthogonal Complements and Projections
Orthogonal Complement. Let W be a subspace of an inner product space
V. The orthogonal complement of W is

Wt ={veV]|(ww)=0foral weW}.
Theorem 42. Let W be a subspace of a finite-dimensional inner product
space V.
1. W+ is a subspace of V.
2. dim(W) + dim(W+) = dim(V).
3. WhHt =w.
4. Wnwt = {o}.

Fundamental Subspaces. For an m X n matrix A:

1. col(A)L = null(AT) (left null space).
2. row(A)L = null(A).
3. R™ =row(A) @ null(A).
4. R™ = col(A) @ null(AT).
Theorem 43 (Orthogonal Decomposition Theorem). Let W be a sub-

space of V and v € V. Then there exist unique vectors w € W and wl € W+t

such that

v:w—&—wL.

The vector w = projyy, (v) is the orthogonal projection of v onto W.

Proof (existence). Let {ui,..

1 &;jﬁfg) u; € W and wt = v — w.
(wl,uj) = (v,uj> - Zi (vyu;) <u,-,u]-) = (’U,uj) _ <'U,'I.Lj> —0. Sowt L w.

(i ui)

.,ur} be an orthogonal basis for W. Set

w =

For each basis vector wu;:

Proof (uniqueness). Suppose v = w1 + wlL = wy + wQL. Then wq — we =
w2L — wli. The left side is in W and the right side is in W=. Since
W N WL = {0}, both sides equal 0, so w1 = w2 and wf‘ = w%‘. O

Orthogonal Projection onto a Subspace. If {u1,...,ux} is an orthogonal

basis for W, then

<v» u2>

<U7 U1> w1 4
(uz2,u2)

(v, ug) s
UL, u1)

<U]C,’U4k>

projy (v) = { ug +- 0+

The component of v orthogonal to W is v — projy, (v) € wt.

1 0 2
Example. Let W = span of, |1 (already orthogonal) and v = [3].
1 0 4
1 0 3
projW(v):g 0 —l—% 1l =13
1 0 3
—1
v—projy(v)= | 0 | e Wt
1

27 Least Squares Approximation

Motivation. If Az = b has no solution (the system is inconsistent), we seek
Z that minimizes || Az — b||, i.e., the vector & such that Az is as close to b as
possible.

Normal Equations. The least squares solution & satisfies
AT Az = AT,
If A has linearly independent columns, then AT A is invertible and

&= (ATA) 1A,

Geometric Interpretation. Az = Projeol(4) (b). The least squares solution
projects b onto the column space of A. The error vector b — A% € col(A)t =
null(AT).

Theorem 44. Let A be an m X n matrix. The equation AT Az = ATb
is always consistent, and its solution set gives all least squares solutions of
Ax =b.

Least Squares and QR. If A = QR, then Z = R~1QTb.

1 1
Example. Find the least squares solution to Ax = b where A = |1 2],
1 3
1
b= |1].
3
. 3 6 5
TA— Ty
Solution. A* A = 6 14 , Atb = 12|
3 6. |5 — s 1/3
6 14/%7 |12 A
The best-fit line is y = % + x.
Least Squares Regression. To fit y = fo + fiz to data points
(xlvyl)v- EE) (zmvym)v let
1 = Y1
1z Y2
A= , b=
1 xm Ym

Solve AT Az = ATb for & = {go} .
1

28 Orthogonal Matrices

Orthogonal Matrix. An n X n matrix Q is orthogonal if QTQ = QQT =1,
e, Q7' =QT.

Equivalently, @ is orthogonal if and only if its columns form an orthonormal
basis for R™.
Theorem 45. Let Q be an n X n orthogonal matrix. Then:

1. det(Q) = £1.

2. ||Qz|| = ||z|| for all z € R™ (preserves lengths).

3. (Qz,Qy) = (x,y) for all z,y € R™ (preserves inner products).

4. The rows of @ also form an orthonormal set.

5. If Q1,Q2 are orthogonal, then QQ1Q2 is orthogonal.

Proof of (1). 1 = det(I) = det(QTQ) = det(QT)det(Q) = det(Q)2, so

det(Q) = 1. O
Proof of (2). |1Qz|]? = (Qz)T(Qz) = 2TQTQx = zT Iz = ||=|]. O
Proof of (3). (Qx,Qy) = (Q2)T(Qy) = 2T QT Qy = 2Ty = (z,y). O
Proof of (5). (@1Q2)T(Q1Q2) =Q¥QTQ1Q2=QTQ.=1. O
Examples. Rotation by angle 6: Q = E?jg —C(s)isnf]. Reflection: @Q =

cos 6 sin 6
sinf —cosf|’
Permutation matrices are orthogonal. The identity matrix I is orthogonal.

SPECTRAL THEORY AND MATRIX DECOMPOSITIONS



29 Symmetric Matrices and the Spectral Theorem
Properties of Symmetric Matrices. Let A be a real symmetric matrix
(A=AT).

1. All eigenvalues of A are real.

2. Eigenvectors corresponding to distinct eigenvalues are orthogonal.

3. A is always diagonalizable.

Proof of (1). Suppose A% = A0 where ¥ # 0 (working over C). Then
©* AT = \o*T, where ©* is the conjugate transpose. Since A = AT = A (real
entries), (7% A0)* = 0* A*0 = 0* A, so 9% A® is real. Since 7*7 = ||7||? > 0 is
real, A must be real.
Proof of (2). Let Avy = A1v1 and Ave = Aqwvz with A1 # A2, Then:

A1 (v1,v2) = (Avy,ve) = vT ATwy = ol Avg = (v1, Ava) = Ao (1, va).

So (A1 — /\2)(’111,1}2) = 0. Since A1 # A2, (v1,v2) =0. Od
Orthogonal Diagonalization. A is orthogonally diagonalizable if there
exists an orthogonal matrix @Q such that QTAQ = D (diagonal), i.e.,
A=QDQT.

Theorem 46 (Spectral Theorem). An n X n real matrix A is orthogonally
diagonalizable if and only if A is symmetric.

Procedure for Orthogonal Diagonalization.

1. Find the eigenvalues and eigenspaces of A.

2. For each eigenspace, find an orthonormal basis (use Gram-Schmidt if
dim(Ey) > 1).

3. Form @ with these orthonormal eigenvectors as columns, and D with
eigenvalues on the diagonal.

Spectral Decomposition. If A = QDQT with Q = [¢1
D = diag(A1,...,An), then
— T T T
A=XMqq +A2q2q2 + -+ Angngy, -

Each qiqiT is a rank-1 projection matrix.

gn] and

2 1
1 2|
Solution. det(A — AXI) = (A —3)(A — 1) = 0. Eigenvalues: \; =3, A2 = 1.

1 1
E3: (A-3[)v=0 = v:t{l} = q1:% L}

Example. Orthogonally diagonalize A = [

—1 —1
Ei: (A—Iv=0 :v:t[l} — qg:%{l}.

R R e

30 Quadratic Forms

Definition. A quadratic form on R" is a function @ : R® — R of the form
Q(z) = zT Az,

where A is an n X n symmetric matrix. A is called the matrix of the quadratic

form.

5 2
Example. Q(z1,x2) = 590% + 4z + 390% = [xl 1‘2] [2 3} [zj

Note: the off-diagonal entries are half the coefficient of the cross term z;z;.

Classification. A quadratic form Q(z) = =7 Az is:

o Positive definite if Q(xz) > 0 for all x # 0 <= all eigenvalues of A
are positive.

e Positive semidefinite if Q(z) > 0 for all z <= all eigenvalues > 0.

e Negative definite if Q(z) < 0 for all z # 0 <= all eigenvalues are
negative.

o Negative semidefinite if Q(x) < 0 for all z <= all eigenvalues < 0.

e Indefinite if @ takes both positive and negative values <= A has
both positive and negative eigenvalues.

Change of Variable. If A = PDPT (orthogonal diagonalization), the sub-
stitution = Py transforms Q(z) = =T Az into

Q=y"Dy=X1yi +X2y3 + -+ Anyyh
which has no cross terms. This is called the principal axis theorem.

Example. Classify Q(z1,z2) = 296% + 2z120 + QI%. The matrix is A =
E ﬂ Eigenvalues: A\; = 3 > 0, A2 = 1 > 0. Since all eigenvalues are
positive, @ is positive definite.

31 Positive Definite Matrices

Definition. A symmetric nxn matrix A is positive definite (PD) if T Az > 0
for all  # 0. Tt is positive semidefinite (PSD) if T Az > 0 for all .
Theorem 47 (Equivalent Characterizations). For a symmetric matrix
A, the following are equivalent:

1. A is positive definite.

2. All eigenvalues of A are positive.

3. All leading principal minors of A are positive (Sylvester’s criterion).
4. There exists an invertible matrix R such that A = RTR.

5. A has a Cholesky factorization A = LLT.

Proof of (1)&(2). (=) If X\ is an eigenvalue with eigenvector v, then
0 < vTAv = vT(Av) = A|Jv||?, so A > 0. (<) Since A is symmetric, write
A = PDPT with D = diag(A1,...,An), A\; > 0. For z # 0, let y = PTx # 0.
Then 7 Az = yT Dy = 3" \;y? > 0. O

Sylvester’s Criterion. The k-th leading principal minor Ay is the deter-
minant of the top-left £ X k submatrix of A. A symmetric matrix A is PD iff
Ap>O0forallk=1,...,n. It is ND iff (=1)¥Aj > 0.

2 —1 0

Example. Is A= (-1 2 —1]| positive definite?
0 -1 2

2 —1

A1 =2>0, Az—det[_l 9

PD.

]=3>07 Az =det(A) =4>0. Yes, Ais

Cholesky Factorization. Every PD matrix A has a unique factorization
A = LLT where L is lower triangular with positive diagonal entries.
Theorem 48. If A is positive definite, then the Cholesky factorization
A = LLT exists and is unique.

. . . a;r wh .
Proof sketch. Proceed by induction on n. Write A = w Al with
a11 > 0 (since elTAel > 0). Set l11 = /a1 and | = w/li1. Then

A = l117 0] [1 0 l11
v oIllo A=uT||o

is again PD (by the PD characterization for submatrices), so by induction it

has a Cholesky factor L’. Combining yields L = {llll 2,] O

T
lli|' The Schur complement A’ — [T

Computing Cholesky. The entries of L are computed as:

Example. Find the Cholesky factorization of A = |:4 2:| .

2 5
. 2 2 0
Solution. l11=\/1=2,121=§=1,122= 5—1=2. SoL = 1 2|
A=LLT.
Applications.

e Optimization: A critical point z* of f(x) is a local minimum if the
Hessian Hy(z*) is PD.

e Covariance matrices: Every covariance matrix is PSD; it is PD when
no variable is a linear combination of the others.

e Efficient solving: Az = b with PD A is solved efficiently via Cholesky:
LLTz = b requires roughly half the operations of general LU.



32 Singular Value Decomposition
Singular Values. Let A be an m X n matrix. The singular values of A are
01> 02> - > 0op >0, where 0; = A; and A\ > --- > A\, > 0 are the
eigenvalues of AT A.
Theorem 49 (SVD). Let A be an m x n matrix with rank(A) = r. Then
there exist:

e An m X m orthogonal matrix U (left singular vectors),

e An n x n orthogonal matrix V (right singular vectors),

e An mxn “diagonal” matrix ¥ with o1 > --- > o, > 0 on the diagonal,

such that A = USVT.
Computing the SVD.

1. Compute AT A and find its eigenvalues A\; > --- > X\, > 0. Set
O =V )‘1

2. Find orthonormal eigenvectors vy, . .., v, of AT A. These form columns
of V.

3. Fori=1,...,m: u; = %Avi. Extend {u1,...,ur} to an orthonormal
basis of R™ to get U.

4. Yism X n with ¥;; =0; for i =1,...,r and 0 elsewhere.

Properties.

e rank(A) = number of nonzero singular values.
e ||A|| = o1 (the largest singular value, in the operator 2-norm).

e The columns of V' corresponding to zero singular values form an or-
thonormal basis for null(A).

e The columns of U corresponding to nonzero singular values form an
orthonormal basis for col(A).

Example. Find the SVD of A = [(1) (1)]

1 1
1

1
1|1 o1 |1 1 |1 -1
afjemn ] roal ]
_ 1 _1 o1 (2| |1 _ 10
e -l 1]

U:[l 0}:1,2:[‘? 8},A:UEVT.

Solution. ATA = . Eigenvalues: A\ =2, A2 = 0. So 01 = V2.

Pseudoinverse. The Moore-Penrose pseudoinverse of A is AT = V+UT,
where 2T is obtained by taking the reciprocal of each nonzero entry of ¥ and
transposing. The least squares solution with minimum norm is & = A*b.

33 The Invertible Matrix Theorem

Let A be an n X n matrix. The following statements are all equivalent:

A is invertible.

A is row equivalent to I, (RREF of A is I,).

A has n pivot positions.

Az = 0 has only the trivial solution.

The columns of A are linearly independent.

Az = b has a unique solution for every b € R™.
The columns of A span R™.

There exists C such that CA = I,, (left inverse).
There exists D such that AD = I,, (right inverse).

© ® N S oW N

10. AT is invertible.
11. det(A) # 0.

12. col(A) =R™.
13. rank(A) = n.
14. null(A) = {0}.

—
ot

. nullity(A) = 0.

The eigenvalues of A are all nonzero.

_ =
N o

0 is not a singular value of A.
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